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Introduction
What are we going to talk about?

I Unit communication protocols

I fundamental quantum communication protocols
I In this talk, we assume all communication and entanglement is

noiseless.
I That is, we consider noiseless protocols only.
I More specifically, we will consider

I entanglement generation
I classical coding
I super-dense coding
I quantum teleportation (seen in class)



Introduction
What are we going to talk about?

I Unit communication protocols
I fundamental quantum communication protocols

I In this talk, we assume all communication and entanglement is
noiseless.

I That is, we consider noiseless protocols only.
I More specifically, we will consider

I entanglement generation
I classical coding
I super-dense coding
I quantum teleportation (seen in class)



Introduction
What are we going to talk about?

I Unit communication protocols
I fundamental quantum communication protocols
I In this talk, we assume all communication and entanglement is

noiseless.
I That is, we consider noiseless protocols only.

I More specifically, we will consider
I entanglement generation
I classical coding
I super-dense coding
I quantum teleportation (seen in class)



Introduction
What are we going to talk about?

I Unit communication protocols
I fundamental quantum communication protocols
I In this talk, we assume all communication and entanglement is

noiseless.
I That is, we consider noiseless protocols only.
I More specifically, we will consider

I entanglement generation

I classical coding
I super-dense coding
I quantum teleportation (seen in class)



Introduction
What are we going to talk about?

I Unit communication protocols
I fundamental quantum communication protocols
I In this talk, we assume all communication and entanglement is

noiseless.
I That is, we consider noiseless protocols only.
I More specifically, we will consider

I entanglement generation
I classical coding

I super-dense coding
I quantum teleportation (seen in class)



Introduction
What are we going to talk about?

I Unit communication protocols
I fundamental quantum communication protocols
I In this talk, we assume all communication and entanglement is

noiseless.
I That is, we consider noiseless protocols only.
I More specifically, we will consider

I entanglement generation
I classical coding
I super-dense coding

I quantum teleportation (seen in class)



Introduction
What are we going to talk about?

I Unit communication protocols
I fundamental quantum communication protocols
I In this talk, we assume all communication and entanglement is

noiseless.
I That is, we consider noiseless protocols only.
I More specifically, we will consider

I entanglement generation
I classical coding
I super-dense coding
I quantum teleportation (seen in class)



Outline

Introduction

Unit Quantum Protocols
Non-local unit resources
Protocols

Optimality
Entanglement Distribution
Super-dense coding
Better optimality proofs



Non-local unit resources

I non-local resource if it can be used at two spatially separated
points OR it can be used to communicate between two such
points.

I unit resources if it comes in a form such as classical bits,
qubits, entangled bits.

I Example: any map of the form |i〉A → |i〉B is a noiseless qubit
channel, and is a non-local unit resource
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Non-local unit resources - examples

I Noiseless qubit channel: |i〉A → |i〉B . It is represented as
[q → q]

I Classical Information Channel: We define it in terms of
density matrices, and represent it as [c → c]{

|i〉 〈i |A → |i〉 〈i |B for i = j

|i〉 〈j |A → 0 for i 6= j

I Entanglement: Quantified by an entangled bit, or ebit,
defined as ∣∣Φ+

〉
AB

:=
1√
2

(|00〉AB + |11〉AB)

I Represented as [qq]



Non-local unit resources - examples

I Noiseless qubit channel: |i〉A → |i〉B . It is represented as
[q → q]

I Classical Information Channel: We define it in terms of
density matrices, and represent it as [c → c]

{
|i〉 〈i |A → |i〉 〈i |B for i = j

|i〉 〈j |A → 0 for i 6= j

I Entanglement: Quantified by an entangled bit, or ebit,
defined as ∣∣Φ+

〉
AB

:=
1√
2

(|00〉AB + |11〉AB)

I Represented as [qq]



Non-local unit resources - examples

I Noiseless qubit channel: |i〉A → |i〉B . It is represented as
[q → q]

I Classical Information Channel: We define it in terms of
density matrices, and represent it as [c → c]{

|i〉 〈i |A → |i〉 〈i |B for i = j

|i〉 〈j |A → 0 for i 6= j

I Entanglement: Quantified by an entangled bit, or ebit,
defined as ∣∣Φ+

〉
AB

:=
1√
2

(|00〉AB + |11〉AB)

I Represented as [qq]



Non-local unit resources - examples

I Noiseless qubit channel: |i〉A → |i〉B . It is represented as
[q → q]

I Classical Information Channel: We define it in terms of
density matrices, and represent it as [c → c]{

|i〉 〈i |A → |i〉 〈i |B for i = j

|i〉 〈j |A → 0 for i 6= j

I Entanglement: Quantified by an entangled bit, or ebit,
defined as ∣∣Φ+

〉
AB

:=
1√
2

(|00〉AB + |11〉AB)

I Represented as [qq]



Non-local unit resources - examples

I Noiseless qubit channel: |i〉A → |i〉B . It is represented as
[q → q]

I Classical Information Channel: We define it in terms of
density matrices, and represent it as [c → c]{

|i〉 〈i |A → |i〉 〈i |B for i = j

|i〉 〈j |A → 0 for i 6= j

I Entanglement: Quantified by an entangled bit, or ebit,
defined as ∣∣Φ+

〉
AB

:=
1√
2

(|00〉AB + |11〉AB)

I Represented as [qq]



Our first resource inequalities

I It is obvious that the classical channel cannot maintain an
arbitrary superposition of basis states, because it ’throws
away’ off-diagonal terms of the density matrix representation.

I Therefore, a qubit channel is strictly more powerful than a
classical channel, as a quantum channel cannot simulate a
classical channel but the reverse is not true.

I Hence we have the resource inequality [q → q] ≥ [c → c]

I A statement like this means that ∃ at least one protocol that
uses the resource on the left to give the resource on the right

I We will soon see an easy way to generate entanglement using
a quantum channel, so we know that [q → q] ≥ [qq].
Relativistic arguments show that the converse is not true.

I Therefore, the quantum channel is the strongest channel.
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The Entanglement distribution Protocol

I Preparing a Bell state Alice creates two qubits in the state
|0〉A |0〉A′ .

She applies Hadamard to the first qubit to get the
state 1√

2
(|0〉A + |1〉A) |0〉A′ . She then performs CNOT with A

as control and A’ as target to get 1√
2

(|00〉AA′ + |11〉AA′)

which is a Bell state.

I Creating an entangled bit She uses the noiseless qubit
channel to send the qubit A’ to Bob, thereby creating the
state 1√

2
(|00〉AB + |11〉AB).

I Note: We have only called it an ebit after the transfer takes
place. Before that, we have just a Bell state, which is not
non-local.
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Elementary Coding

I Alice has a classical bit which she wants to transmit.
Depending on what the bit is, she creates a |0〉 or a |1〉 qubit.

I She uses a qubit channel to transfer this to Bob.

I Bob measures it to find which qubit was sent.

Optimality

Can we send more than one classical bit with one use of the
quantum channel?
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Teleportation
The resource inequality

I The transfer is not instantaneous.

What is the resource inequality?

The resource inequality can be seen to be

[qq] + 2 [c → c] ≥ [q → q]
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Super-dense coding

1. Alice and Bob share an entangled bit.

2. Alice applies one of {I ,X ,Z ,XZ} to her share.

3. She transmits her share to Bob using a quantum channel

4. Bob measures in Bell basis, and recovers which unitary Alice
applied.

5. Therefore, they can transmit two classical bits using a
quantum bit.

Resource Inequality

[qq] + [q → q] ≥ 2 [c → c]
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Entanglement Distribution

I That is, can we have the resource inequality

[q → q] ≥ E [qq]

with E > 1? The answer is no.

Proof.
Let’s assume we can have such a protocol. We can combine it with
the teleportation protocol and assume free classical communication
to achieve the following resource inequality:

[q → q] ≥ E [q → q]

We can then keep repeating this and achieve unbounded amount
of quantum communication, which is impossible.
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Super-dense coding

Can we have the resource inequality [q → q] + [qq] ≥ 2C [c → c]
with C > 1? The answer is again no.

Proof.
Suppose we have such a protocol and infinite entanglement
available.
Then we can have the resource inequality
[q → q] +∞ [qq] ≥ 2C [c → c] +∞ [qq] because the protocol
uses a finite amount of entanglement.
We can chain it with teleportation to obtain
2C [c → c] +∞ [qq] ≥ C [q → q] +∞ [qq]. Therefore, we have a
protocol that can be described by
[q → q] +∞ [qq] ≥ C [q → q] +∞ [qq].
We can repeat this to obtain
[q → q] +∞ [qq] ≥ C k [q → q] +∞ [qq], which is impossible.
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Not a good proof?

I We have used assumptions like availability of infinite
entanglement or free classical communication. Can we do
better?

I Yes, we can but the proof is involved. An outline of the
method follows.

I We define a 3-dimensional space with axes C, Q and E, each
point on which corresponds to a protocol involving unit
resources.

I If a protocol consumes a resource, the point corresponding to
that has a negative sign corresponding to that coordinate, and
vice versa.

Example

Superdense coding corresponds to the point xSD := (2,−1,−1).
Entanglement generation corresponds to the point
xEG := (0,−1, 1). Similarly for teleportation. xT := (−2, 1,−1)
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Entanglement generation corresponds to the point
xEG := (0,−1, 1). Similarly for teleportation. xT := (−2, 1,−1)



Unit Resource Achievable region C̃U

These are all the points obtained by linear combinations of the
different protocols. It obeys the following equations:

C + Q + E ≤ 0 (1)

Q + E ≤ 0 (2)

C + 2Q ≤ 0 (3)

This can be shown by noting that C
Q
E

 =

 −2 2 0
1 −1 −1
−1 −1 1

 α
β
γ


gives all achievable triples along with the fact that the α, β, γ
cannot be negative.
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Unit Resource Capacity region CU

This is the set of all points in the C ,Q,E space that satisfy the
following resource inequality:

0 ≥ C [c → c] + Q [q → q] + E [qq]

That is, CU consists of all points that have corresponding protocols
that can implement them.

Theorem
The above two regions are equal, that is, we can show that

C̃U = CU

We skip the proof of this theorem. The direct coding theorem
which shows that C̃U ⊆ CU follows immediately from the
definitions. The converse coding theorem is non-trivial to prove.
Optimality of the protocols follows from the theorem proved.
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Summary

I We have seen unit quantum protocols and how they allow us
to characterise communication.

I We have shown that the teleportation, super-dense coding
and entanglement generation protocols are optimal.

I We have seen a Shannon-like proof of the ’universality’ of the
three protocols.
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